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Abstract 

Self-similar solutions of the equation that describes spreading of a liq- 
uid layer due to intermolecular forces are found. It is supposed that, 
when the thickness of the layer reaches some magnitude of the order of 
the molecular size, it turns into a monomolecular layer, which can be 
liquid or gaseous. To describe the spreading of a drop, the solutions of 
the equations that describe evolution of liquid or gaseous monomolecu- 
lar layers are matched with the self-similar solutions with using relevant 
boundary conditions. 

1 Introduction 

Coating surfaces with monomolecular layers is an important part of many mod- 
ern technologies. Usually it is preceded by spreading under the action of in- 
termolecular forces. Self-similar solutions of the equation that describes plane 
spreading due to intermolecular forces represent profiles of drops without contact 
lines pQ. In the present work, self-similar solutions are found also for axisym- 
metrical spreading. Both plane and axisymmctrical solutions are matched with 
the solutions of equations that describe plane or axisymmctrical spreading of 
monomolecular layers. 

2 General equation describing spreading 
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Figure 1: Spreading drop (the monomolecular layer is in liquid two-dimensional 
state) 

Consider a liquid layer spreading over a plane rigid substrate (see FigfT]). The 
density p and viscosity rj of the liquid are much larger than those of the environ- 
ment (air). Let the layer be sufficiently thin and have sufficiently small maximal 
local inclination of the free surface so that the lubrication theory approxima- 
tion can be used. The rigid substrate is implied to be much thicker than the 
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characteristic length of intermolecular forces. Then axisymmetrical and plane 
spreading is described by the following equation for the local thickness of the 
liquid layer, £(r, t), 
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Here, m = for plane symmetric spreading and m = 1 for axisymmetrical 
spreading, r is the distance from the plane (m = 0) or axis (m = 1) of symmetry, 
g is the gravity acceleration, a is the surface tension, K is the effective Hamaker 
constant (see [T]). If the term with a in (p} is neglected, the resulting equation 
coincides with that written down in [T]. 

Self-similar solutions of the equation fTJ) exist only for special cases when 
one of the forces, gravitational, capillary or intermolecular, dominates so that 
the two others can be neglected. In what follows, the thickness of the layer is 
supposed to be so small that gravitational and capillary forces can be neglected. 

3 Self-similar spreading due to intermolecular 
forces 

The self-similar solutions of the equation that results from ([I]) when the terms 
with g and a being neglected arc as follows 
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where A is an arbitrary dimcnsionless parameter, V is the volume (volume per 
unit transversal length for m = 0) of the liquid contained in the region r < Ro 
at the initial instant t = 0, Ro being an arbitrarily chosen distance. For m = 
the solutions coincide with those in [Tj. 



4 Formation of a monomolecular layer 

When a layer of a liquid reaches some thickness, h m , of the order of the molec- 
ular size, the liquid forms a monomolecular layer which can be in liquid or 
gaseous two-dimensional state. The moving boundary between monomolecular 
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and liquid phases (see FigO} is determined by some value, R\(t), of the variable 
r for which the following equation and initial condition are satisfied 



((R i (t),t)=h m , Ri(0) = Ro. 
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Regarding that all mass of the liquid is in liquid phase at t — and using 
one determines R\(t) in terms of i?o and V = M/p, where M is the total mass 
of the liquid contained in the spreading drop: 



m = 0: Ri(t) -- 
m = 1: R\{t) = R 



2T-tT +t 



A T 

Ho 



T, 



Rq, 



T 



exp ; 



2/ 



Ho 
1. 



1 To, 



T = jT a In 



A V h m ^ To ' 
where A is the non-zero positive solution of the equation 
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5 Plane or axisymmetrical spreading with for- 
mation of a liquid monomolecular layer 

The liquid monomolecular layer forms a distinct boundary with the uncovered 
region of the surface of the substrate which is determined by some value, R m (t), 
of the variable r. Let the surface mass density of the layer, p s , be constant. 
Then, using the condition of the conservation of the total mass of the spreading 
liquid, one obtains 
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m = 1 : R m (t) 
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At t = T all the liquid is in monomolecular phase and stops spreading. 



6 Plane or axisymmetrical spreading with for- 
mation of a gaseous monomolecular layer 

If the monomolecular layer is gaseous, it has no boundary with the uncovered 
surface, and the distribution of the surface mass density, p s (r, t), satisfies the 
differential equation for the surface diffusion 

^ = A-#(V^V r> Rl (t), 
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where D s is the surface diffusion coefficient, with the boundary and initial con- 
ditions that follow from continuity of surface mass flux and mass densities on 
the boundary between the phases and absence of monomolecular phase at t = 
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At t = T all the liquid is in monomolecular phase, but continues spreading so 
that 
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7 Discussion 



The functions R m (t) or p s (r, t) for spreading with formation of liquid or gaseous 
monomolecular layers can be measured in experiments. In spite of the fact 
that the proposed models are based on strong simplifying assumptions, one 
may expect their satisfactory agreement at least with some experiments. In any 
case, the models allow introducing into consideration various additional physical 
processes to achieve satisfactory agreement with measured data. 

Usually, when a drop begins to spread in an experiment, the conditions 
for existence of self-similar solutions are not satisfied. So, in an experimental 
verification of the formulas presented above, the initial instant to should be 
introduced by the substitution t—^t — to and regarded as some fitting parameter. 
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